Let A be a unital separable simple C * -algebra with TR(A) ≤ 1 and α be an automorphism. We show that if α satisfies the tracially cyclic Rokhlin property then TR(A ⋊α Z) ≤ 1. We also show that whenever A has a unique tracial state and α m is uniformly outer for each m and α r is approximately inner for some r > 0, α satisfies the tracial cyclic Rokhlin property. By applying the classification theory of nuclear C * -algebras, we use the above result to prove a conjecture of Kishimoto: if A is a unital simple AT-algebra of real rank zero and α ∈ Aut(A) which is approximately inner and if α satisfies a Rokhlin property, then the crossed product A ⋊α Z is again an AT -algebra of real rank zero. As a by-product, we find that one can construct a large class of simple C * -algebras with tracial rank one (and zero) from crossed products.
Introduction
The Rokhlin property in ergodic theory was adopted to the context of von Neumann algebras by A. Connes ([2] ). It was adopted by Herman and Ocneanu ( [16] ) for UHF-algebras. M. Rørdam ([29] ) and A. Kishimoto introduced the Rokhlin property to a much more general context of C * -algebras. Kishimoto had been studying automorphisms on UHF-algebras and more generally, on simple AT-algebras that satisfy a Rokhlin property. More recently, N. C. Phillips studied finite group actions which satisfy certain type of Rokhlin property on some simple C * -algebras.
A conjecture of Kishimoto can be formulated as follows: Let A be a unital simple AT-algebra of real rank zero and α be an approximately inner automorphism. Suppose that α is "sufficiently outer", then the crossed product of the AT-algebra by α, A ⋊ α Z is again a unital simple AT-algebra. In particular, he studied the case that A has a unique tracial state.
Kishimoto proposed that the appropriate notion of the outerness is the Rokhlin property ( [13] ). He also introduced the notion of uniformly outer ( [12] ). In [13] , he showed that if A is a unital simple AT-algebra of real rank zero with unique tracial state and α ∈ Aut(A) is approximately inner, then α has the Rokhlin property if and only if α m is uniformly outer for all m = 0. He also showed that the Rokhlin property, in this situation, is equivalent to say that A ⋊ α Z has real rank zero, and it is equivalent to say that A ⋊ α Z has a unique tracial state. Kishimoto showed ( [11] ) that, if in addition, A is a UHF-algebra then A ⋊ α Z is in fact a unital simple AT-algebra. He also showed in [14] that the conjecture is true for the case that A is assumed to have unique tracial state, both K i (A) are finitely generated and K 1 (A) ∼ = Z, and, in addition, that α ∈ Hinn(A). Among other things, we prove in this paper the Kishimoto conjecture for all cases that A has a unique tracial state. If the term of "sufficiently outer" is interpreted as "tracial Rokhlin" property, then Kishimoto's conjecture holds: Let A be a unital simple AT-algebra and α be an approximate inner automorphism. Suppose that α has tracial Rokhlin property, then A ⋊ α T is again a unital simple AT-algebra.
We take the advantage of the development in Elliott's program of the classification of nuclear C * -algebras (see [4] and [6] , for example). In particular, we use the classification result in [21] , where unital separable simple C * -algebras satisfying the Universal Coefficient Theorem and with tracial rank zero are classified by their K-theory. Adopting a N. C. Phillips's observation, we note that if A is a unital simple C * -algebra with TR(A) ≤ 1 and α ∈ Aut(A) satisfies a so-called tracial cyclic Rokhlin property, then TR(A ⋊ α Z) ≤ 1 so that the classification result in [21] and [23] can be applied. Using Kishimoto's techniques, we show that if α r is approximately inner (for some integer r > 0), the tracial Rokhlin property introduced in ( [27] ) implies the tracial cyclic Rokhlin property. Using a result in [27] , we actually show a more general result (see Theorem 3.5) .
The assumption that α is approximately inner is to insure that the crossed products remain finite (see the introduction of [13] ). We relax this restriction slightly by only requiring that α r is approximately inner for some integer r > 0. It turns out that in a number of cases, while there are automorphisms which are not approximate inner, all (outer) automorphisms α have this property, i.e., for some integer r > 0, α r are approximately inner (see Theorem 4.2). We show that our results also cover many cases in which A may have arbitrary tracial space (see Corollary 4.4) .
It is shown by G. Gong ([8] ) that a unital simple AH-algebra with very slow dimension growth has tracial rank one or zero. Moreover, Elliott, Gong and Li ( [7] ) show that the class of unital simple AH-algebras with very slow dimension growth can be classified by their K-theoretical data. An improvement of this classification has been made so that unital simple nuclear C * -algebras with tracial rank no more than one which satisfy the Universal Coefficient Theorem can also be classified by their K-theoretical data ( [23] ). However, until now, all interesting examples of unital simple nuclear C * -algebras that have tracial rank one are those AH-algebras with very slow dimension growth (and those of similar inductive limit construction). Theorem 2.7 also provides ways to construct unital simple C * -algebras with tracial rank one by crossed products (see Corollary 4.4 and Example 4.5). It also creates the opportunity to apply the classification results in [23] .
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The Rokhlin properties
The following conventions will be used in this paper. Let A be a unital C * -algebra (i) We denote by Aut(A) the set of all automorphisms on A and by T(A) the tracial state space of A.
(ii) Two projections p, q ∈ A are said to be equivalent if they are Murrayvon Neumann equivalent. That is, there exits a partial isometry w ∈ A such that w * w = p and ww * = q. Then We write p ∼ q.
(iii) Let F and S be subsets of A and ε > 0. We write x ∈ ε S if there exists y ∈ S such that x − y < ε, and write F ⊂ ε S if x ∈ ε S for all x ∈ F. (v) We denote by I (0) the class of all finite dimensional C*-algebras, and by I (k) the class of all C*-algebras with the form pM n (C(X))p, where X is a finite CW complex with dimension k and p ∈ M n (C(X)) is a projection.
We recall the definition of tracial topological rank of C*-algebras.
Definition 2.1. [19, Theorem 6.13] Let A be a unital simple C * -algebra and k ∈ N. Then A is said to have tracial topological rank no more than k if and only if for any finite set F ⊂ A, and ε > 0 and any non-zero positive element a ∈ A, there exists a C * -subalgebra B ⊂ A with B ∈ I (k) and id B = p such that
We write TR(A) ≤ k. and id B = p such that
The following is defined in [27, Definition 2.1].
Definition 2.3. Let A be a simple unital C * -algebra and let α ∈ Aut(A). We say α has the tracial Rokhlin property if for every finite set F ⊂ A, every ε > 0, every n ∈ N, and every nonzero positive element x ∈ A, there are mutually orthogonal projections e 0 , e 1 , . . . , e n ∈ A such that:
(1) α(e j ) − e j+1 < ε for 0 ≤ j ≤ n − 1.
(2) e j a − ae j < ε for 0 ≤ j ≤ n and all a ∈ F . Definition 2.4. Let A be a simple unital C * -algebra and let α ∈ Aut(A). We say α has the tracial cyclic Rokhlin property if for every finite set F ⊂ A, every ε > 0, every n ∈ N, and every nonzero positive element x ∈ A, there are mutually orthogonal projections e 0 , e 1 , . . . , e n ∈ A such that (1) α(e j ) − e j+1 < ε for 0 ≤ j ≤ n, where e n+1 = e 0 .
(2) e j a − ae j < ε for 0 ≤ j ≤ n and all a ∈ F . and the tracial cyclic Rokhlin property is that in condition (1) we require that α(e n ) − e 0 < ε.
(ii) If A has real rank zero, stable rank one and has weakly unperforated K 0 (A) (or if A has SP-property, stable rank one, and the Fundamental Comparison Property), then condition (3) in both Rokhlin property can be replaced by the following condition (3) ′ using the standard argument:
* -algebra with real rank zero, stable rank one, and has weakly unperforated K 0 (A), the Rokhlin property in the sense of Kishimoto ([11] ) implies the tracial Rokhlin property ( [27] ).
Recall that a C*-algebra A is said to have SP-property if any non-zero hereditary C*-subalgebra of A has a non-zero projection, and A is said to have the Fundamental Comparison Property if p, q ∈ A are two projections with τ (p) < τ (q) for all τ ∈ T(A), then p is equivalent to a subprojection of q.
Obviously the tracial cyclic Rokhlin property implies the tracial Rokhlin property. The converse is also true in many cases. We will discuss it in the next section.
Before stating the characterization of the tracial Rokhlin property we cite the following notion introduced by Kishimoto ([12] ). Definition 2.6. Let A be a unital C * -algebra and α ∈ Aut(A). We say α is uniformly outer if for any a ∈ A, any projection p ∈ A, and any ε > 0, there are finite number of projections p 1 , . . . , p n in A such that i p i = p and
The following result is the tracial Rokhlin version of Kishimoto's result in the case of simple unital AT-algebras with a unique trace [11, Theorem 2.1].
Theorem 2.7.
[27] Let A be a simple unital C * -algebra with TR(A) = 0, and suppose that A has a unique tracial state. The the following conditions are equivalent:
(1) α has the tracial Rokhlin property.
(2) α m is not weakly inner in the GNS representation π τ for any m = 0.
(3) A ⋊ α Z has real rank zero.
(4) A ⋊ α Z has a unique trace.
Remark 2.8. When A is a simple unital C * -algebra with tracial topological rank zero, if α ∈ Aut(A) has the tracial Rokhlin property, it is proved in [27] that the crossed product A ⋊ α Z has real rank zero, stable rank one, and the order on projections over A ⋊ α Z is determined by traces. But it is not known that the crossed product A ⋊ α Z has tracial topological rank zero. However, if α has the cyclic Rokhlin property, the we have the following result based on an observation of N. C. Phillips ([25] ).
Theorem 2.9. Let A be a simple unital C * -algebra with TR(A) ≤ 1. Suppose that α ∈ Aut(A) has the tracial cyclic Rokhlin property. Then
In particular, if A has TR(A) = 0, then TR(A ⋊ α Z) = 0.
Proof. We first note that, by [10] , A ⋊ α Z is a simple C * -algebra. Let ε > 0, n ∈ N, and F ⊂ A ⋊ α Z be a finite set. To simplify notation, without loss of generality, we may assume that
where a i ∈ A and a i ≤ 1 (i = 1, 2, ..., m ) and u is a unitary which imple-
Since A has SP-property and α is outer, A ⋊ α Z also has SP-property [9, Theorem 4]. In particular, there is a non-zero projection r ∈ b(A ⋊ α Z)b. Let r 0 ∈ A be a nonzero projection. Since A ⋊ α Z is simple, by 1.8 of [3] , it is easy to find a non-zero projection r ′ ∈ r 0 Ar 0 such that r ′ is equivalent to a subprojection of r (see, for example, [9, Theorem 4] ). Hence there are projections r 1 , r 2 ∈ A such that r 1 r 2 = 0 and r 1 + r 2 is equivalent to a subprojection of r (see, for example, 3.5.7 of [22] ).
Since α has the tracial cyclic Rokhlin property, for any δ > 0 with δ < ε 5
there exist projections e 1 , e 2 such that
Set p = e 1 + e 2 . From (1) above, one estimates that
Hence, together with (2) above, we obtain
There is a unitary v ∈ A ⋊ α Z such that v − 1 < δ and vu * e i uv * = e i+1 for 1 ≤ i ≤ 2. Set w = vu * , and consider the C*-algebra D generated by e 1 Ae 1 and e 2 we 1 . Then D is isomorphic to e 1 Ae 1 ⊗ M 2 (C). Note that pw = e 1 w + e 2 w = we 2 + we 1 = wp. Moreover, pwp ∈ D. Since pup − pwp < δ, one has that pup ∈ δ D. By (2) again, we have pa j p − (e 1 a j e 1 + e 2 a j e 2 ) < 2δ j = 1, 2, ..., m.
It follows that
Since A is a simple C * -algebra with SP-property, there exists a nonzero projection r 3 ∈ e 1 Ae 1 such that r 3 is equivalent to a subprojection of r (k = 1 or k = 0) and projection e = 1 B such that
From (3), (4), (5), and (7) above we estimate that
From (6) and pF p ⊂ 2δ D, we have
Hence from the estimates (8), (9), (10) we conclude that A⋊ α Z has tracial topological less than or equal to 1.
In the case of TR(A) = 0 B can be chosen to be finite dimensional. Hence, in that case, TR(A ⋊ α Z) = 0.
Approximately inner automorphisms
Lemma 3.1. Let A be a unital separable simple C * -algebra with stable rank one and α : A → A be an approximate inner automorphism. Suppose that {p j } is a central sequence of projections. Then there exists a central sequence of partial isometries {w j } such that w * j w j = p j and w j w * j = α(p j ), j = 1, 2, ....
Proof. Fix a finite subset F ⊂ A which is in the unit ball of
Since α is an automorphism, α(p j ) is also a central sequence of projections. Choose a sufficiently large j so that
Since α is approximately inner, we obtain another unitary z ∈ U (A) such that
It follows that
From the above we also have vz * azv * − a < ε/4 and vz * a − avz * < ε/4 for all a ∈ F.
On the other hand, for any a ∈ F,
There is a unitary u ∈ U (A) such that u − 1 < ε/2 such that
Define w j = ux j . Then w j w * j = p j and w j w * j = α(p j ). Moreover we have that
Since F is arbitrary, the lemma follows. 
Suppose that {e (n)
i }, i = 0, 1, ..., l, n = 1, 2, ..., are l + 1 sequences of projections in A satisfying the following:
Proof. Since α r is approximately inner, by applying Lemma 3.1, for each i, j = 0, 1, ...l, one obtains central sequences of partial isometries {z(i, j, n)} such that
There is a unitary u(i, j, n) ∈ U (A), for each i and j, such that
Since lim n→∞ δ n = 0, for each i and j, {u(i, j, n)} is central. Therefore, to simplify notation, we may assume that
Then for each i, one checks easily that there are central sequences of partial isometries {w(i, n)} such that
and w(i, n)w(i, n)
For example, (with m 0 = kr), one defines
Then (with m 0 = kr)
(note that e 
1+kr + e Since, for each i and j, {z(i, j, n)} is central, so is {w(i, n)}. From the construction we know that for each i
Let {E i,j } be a system of matrix units and K be the compact operators on ℓ 2 (Z) where we identify E i,i with the one-dimensional projection onto the functions supported by {i} ⊂ Z. Let S be the canonical shift operator on ℓ 2 (Z). Define an automorphism σ of K by σ(x) = SxS * for all x ∈ K. Then σ(E i,j ) = E i+1,j+1 . For any N ∈ N let P N = N −1 i=0 E i,i . Lemma 3.3. (Kishimoto, 2.1 of [11] ) For any ε > 0 and n ∈ N there exist N ∈ N and projections e 0 , e 1 , . . . , e n−1 in K such that n−1 i=0 e i ≤ P N σ(e i ) − e i+1 < ε, i = 0, . . . , n − 1, e n = e 0 n dim e0 N > 1 − ε.
Theorem 3.4. Let A be a unital separable simple C * -algebra with TR(A) = 0 and α r ∈ Aut(A) be an approximately inner automorphism for some integer r ≥ 1. Suppose that α has the tracial Rokhlin property then α has the tracial cyclic Rohklin property.
Proof. Let ε > 0. Let ε/2 > η > 0 and m ∈ N be given. Choose N which satisfies the conclusion of Lemma 3.3 (with this η and n = m). Identify P N KP N with M N . Let G = {E i+1,i : i = 0, 1, ..., N − 1} be a set of generators of M N . Let e 0 , e 1 , ..., e m−1 be as in the conclusion of Lemma 3.3.
For any ε > 0, there is δ > 0 depends only on N such that, if ag − ga < δ for g ∈ G, then ae i − e i a < ε/2, i = 0, 1, ..., n.
We assume that δ < η. Since α has the tracial Rokhlin property, there exits a sequence of projections {e (k) i : i = 0, 1, ..., L} satisfying the following:
By applying Lemma 3.2, we obtain a central sequence {w
i+(m0+1)j for i = 0, 1, . . . , N . It follows that {α l (w (k) )}, l = 0, 1, ..., N are all central sequences. As the same argument in Lemma 3.2 there is a unitary u k ∈ U (A) with
.., N. Now let C 1 and C 2 be the C * -algebras generated by
and Φ(C 1 ) = P N KP N . Now we apply Lemma 3.3 to obtain mutually orthogonal projections e 0 , e 1 , ..., e m−1 in M N such that σ(e i ) − e i−1 < η and m dim e 0 N > 1 − η.
for all τ ∈ T (A). So one has mutually orthogonal projections p 0 , p 1 , p 2 , ..., p m−1 such that
By the choice of δ, one also has ap i − p i a < ε, i = 0, 1, ..., m − 1, for all a ∈ F 0 and
for all τ ∈ T(A). Since β k − α < δ/2 < ε/2, one finally has
In other words, α has the tracial cyclic Rokhlin property.
Theorem 3.5. Let A be a unital separable simple C * -algebra with TR(A) = 0 which has a unique tracial state and satisfies the Universal Coefficient Theorem. Suppose that α r ∈ Aut(A) is approximately inner for some integer r ≥ 1 and that α m is uniformly outer for any integer m ≥ 1. Then A ⋊ α Z is a simple AH-algebras with no dimension growth with real rank zero.
Proof. Note that since α is outer, A ⋊ α Z is simple by [10] . From Theorem 2.7 α has the tracial Rokhlin property. Since α r ∈ Aut(A) is approximately inner for some integer r ≥ 1, this implies that α has the tracial cyclic Rokhlin property by Theorem 3.4. So from Theorem 2.9 TR(A ⋊ α Z) = 0. Using the classification theorem of [21] we conclude that A ⋊ α Z is a simple AH-algebra with no dimension growth with real rank zero.
The following shows that the Kishimoto's conjecture that we mentioned in the introduction is true at least for the case that the simple AT-algebra has unique tracial state. In fact, in the following we do not need to assume that α is approximately inner but α r is approximately inner for some integer r > 0. In Corollary 3.7, we show that if one agrees that the "sufficiently outer" means the automorphism has tracially Rokhlin property then we do not need to assume that A has a unique tracial state. Corollary 3.6. Let A be a unital simple AT-algebra with a unique trace and real rank zero, and let α ∈ Aut(A) such that α r is approximately inner for some integer r > 0. If α m is uniformly outer for any integer m ≥ 1, or α has tracial Rokhlin property, then A ⋊ α Z is a unital simple AT-algebra of real rank zero.
Proof. From the following Pimsner-Voiculescu exact sequence [26] ,
We sees that K 0 (A ⋊ α Z) and K 1 (A × α Z) are torsion free. From Theorem 3.4, we know that TR(A ⋊ α Z) = 0 and A ⋊ α Z satisfies the UCT. Therefore K 0 (A ⋊ α Z) is a weakly unperforated Riesz group. It follows from [5] that there is a unital simple AT-algebra B with real rank zero which has the same ordered scaled K-theory of A ⋊ α Z. It follows from Theorem 5.1 of [21] that A ∼ = B.
Corollary 3.7. Let A be a unital simple AT-algebra with real rank zero and α ∈ Aut(A). Suppose that α r is approximately inner for some integer r > 0 and α has the tracial Rokhlin property. Then A ⋊ α Z is a unital simple AT-algebra of real rank zero.
Proof. It follows from Theorem 3.4 that α actually has the tracial cyclic Rokhlin property. Then, by Theorem 2.9, TR(A ⋊ α Z) = 0. The rest of the proof is the same as that of Corollary 3.6.
Remark 3.8. Kishimoto in [11] , [13] and [14] proved that if A is a simple unital AT-algebra of real rank zero with a unique trace, and α ∈ Aut(A) is an approximately inner with the Rokhlin property, then A ⋊ α Z is also a simple unital AT-algebra under the assumption that both K 0 (A) and K 1 (A) are finitely generated with K 1 (A) = Z and α ∈ HInn(A). Corollary 3.6 shows that the extra conditions of K * (A) and α ∈ HInn(A) are not necessary. Corollary 3.7 shows that Kishimoto's conjecture holds in general (without assuming that A has the unique tracial state) if the "sufficiently outer" is replaced by the tracial Rokhlin property. One should note that the tracial Rokhlin property is weaker than the Rokhlin property used in Kishimoto's work.(See Remark 2.5(iii).) Moreover, tracially cyclic Rokhlin property is related to " approximate Rokhlin" property in 4.2 of [11] which is also weaker than the Rokhlin property used in Kishimoto's work. If one allows the "sufficiently outer" replaced by tracially cyclic Rokhlin property, then A ⋊ α Z is always a unital simple AT-algebra without even assuming that α r is approximately inner.
Examples
Let G and F be abelian groups. Recall that P ext(G, F ) is the subgroup of those extensions 0 → F → E → G → 0 so that each finitely generated subgroup of G lifts. If A is a separable C * -algebra which satisfies the Universal Coefficient Theorem, then, for any σ-unital C * -algebra B, KL(A.B) = KK(A, B)/P ext(K * (A), K * −1 (B)).
Lemma 4.1. Let A be a separable amenable C * -algebra satisfying the UCT. Suppose that α ∈ Aut(A) such that (α) * i = id Ki(A) . i = 0, 1. Suppose that
) is finite. Then there are integers r > 0 and k > 0 such that
is finite, there are positive integers r and k such that
Theorem 4.2. Let A be a unital separable simple C * -algebra with TR(A) = 0 satisfying the UCT. Suppose that α ∈ Aut(A). In any of the following cases, α r is approximately inner for some integer r > 0. Consequently, if α m is uniformly outer for all m ∈ Z (or α has tracial Rokhlin property), α has tracial cyclic Rokhlin property and TR(A ⋊ α Z) = 0. In particular, A ⋊ α Z is a simple AH-algebra with no dimension growth and real rank zero.
(1) K 0 (A) = D, where D is a countable dense subgroup of R and
where D is a finitely generated countable dense subgroup of R and K 1 (A) = Z or K 1 (A) is finite;
and D is a dense subgroup of R such that for any non-zero element d ∈ D and any integer n ≥ 1, there is e ∈ D such that me = d for some m ≥ n, where G = Z or G is finite and
Proof. In all cases, it suffices to show that α r is approximately inner for some integer r ≥ 1.
For (1), it is clear that
. It follows from Theorem 2.4 of [20] that α is approximately inner.
For (2), as in (1), Since β k is an automorphism, it follows that β m is approximately inner, or α m(2r1) is approximately inner. For (3), as above, one has that α 2 * 1 = id K1(A) . The assumption on D implies that there is no nonzero homomorphism from D to Z or a finite group. One then checks that there is an integer r 1 ≥ 1 such that
which is finite, and ext Z (K 1 (A), K 0 (A)) = {0}. Thus one can apply the same argument as in the case (2) by applying Lemma 4.1.
For (4), as in the case (2) and (3), there is r 1 ≥ 1 such that α
Since Q is torsion free, ext Z (Q, K 1 (A)) = P ext(Q, K 1 (A)). One then computes that
which is finite. Thus the argument in the case (3) applies. Let F ⊂ A ⊗ min B be a finite set, n ∈ N, and ε > 0. Without loss of generality, we may assume that there exist a finite set F A ⊂ A and
Since α has the tracial cyclic Rokhlin property, there exist mutually orthogonal projections e 0 , e 1 , . . . , e n ∈ A such that (1) α(e j ) − e j+1 < ε for 0 ≤ j ≤ n, where e n+1 = e 0 .
(2) e j a − ae j < ε for 0 ≤ j ≤ n − 1 and all a ∈ F A .
(3) τ (1 − n j=0 e j ) < ε for all tracial states τ on A.
(See Remark 2.5 (ii).) Set f i = e i ⊗1 B for 0 ≤ i ≤ n. Then f i are mutually orthogonal projections in A ⊗ min B such that
This means that α ⊗ β has the tracial cyclic Rokhlin property by Remark 2.5 (ii). An unexpected consequence of the above corollary is that it provides a new way to construct unital simple C * -algebras with tracial topological rank one. All previous examples are inductive limit construction (see [8] ). Since there is basically no restriction on B and β, a great number of those simple C * -algebras D with TR(D) = 1 can be obtained from Corollary 4.4. Since TR(B) = 1, one certainly expects that most such D has TR(D) = 1 but not TR(D) = 0. To convince the reader that it is likely the case, we compute the tracial rank in a very special case below. From its construction, it should be clear how other example can be constructed.
Denote Aff(A) the space of all affine continuous functions on T(A). Given a projection p ∈ M n (A) for some integer n ≥ 1 we define ρ A (p)(τ ) = (τ ⊗ Tr)(p) for all τ ∈ T(A), where Tr is the standard trace on M n (C). Then ρ A (p) ∈ Aff(T(A)).
Example 4.5. Let A be a unital UHF-algebra with K 0 (A) = Q and α be in Aut(A) so that α m is uniformly outer for all m ≥ 1 (or α is uniquely ergodic). Then α has the tracial cyclic Rokhlin property by [11, Lemma 4.3] and Theorem 3.5. Let B be a unital simple AT-algebra for which K 0 (B) = Q and K 1 (B) = Z ⊕ Z and Aff(T(B)) = C R ([0, 1]). Existence of such simple AT-algebra was given by [31] . It follows from section 9 of [31] that there is β ∈ Aut(B) such that β * 1 (x, y) = (−x, y) for (x, y) ∈ Z ⊕ Z, β * 0 = id K0(B) and τ • β(b) = τ (b) for all b ∈ B and τ ∈ T(B). It should be noted that τ • α(a) = τ (a) for all a ∈ T(A). Put γ = α ⊗ β and C = A ⊗ B and D = C ⋊ γ Z.
By the Kunneth formula one computes that C is a unital simple (ATalgebra) with K 0 (C) = Q and K 1 (C) = Q ⊕ Q. One computes that γ * 0 = id K0(C) and γ * 1 ((x, y)) = (−x, y) for (x, y) ∈ Q ⊕ Q.
It follows from Proposition 4.3 that γ has the tracial cyclic Rokhlin property. Moreover TR(D) ≤ 1. To check that TR(D) = 1, we first compute that, by Pimsner-Voiculescu's exact sequence and by the divisibility of Q, we have K 0 (D) = Q⊕Q and K 1 (D) = Q⊕Q. Consider tracial states with the form t⊗τ, where t ∈ T(A) and τ ∈ T(B). Note all these tracial states are γ invariant. 
